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Abst rac t - -Th is  paper deals with a new existence theory for positive periodic solutions to a kind 
of nonautonomous functional differential equation by employing the fixed-point theorem in cones. 
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some previous results and obtains ome new results. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The purpose of the present paper is to deal with the existence of positive periodic solutions for 
the general functional differential equations 
~(t) = -a ( t )y ( t )  + g(t, y(t - ~(t))),  (1.1) 
where a(t) C C(R, (0, oo)), T(t) E C(R, R), g E C(R x [0, co), [0, co)), and a(t), b(t), T(t), g(t, Y) 
are all w-periodic functions, w > 0 is a constant.  
It is well known that  the funct ional  differential equat ion (1.1) includes many mathemat ica l  
ecological equations. 
For example, the Hematopoiesis model [1-3] 
~(t) = -a(t)y(t)  + b(t)e -~(t)y(t-~(t)), (1.2) 
more general the model of blood cell product ion [1,3-5] 
1 
y(t) = -a(t)y(t)  + b(t)- 1 + y(t - "r(t)) n' n > 0, (1.3) 
~(t  - ~( t ) )  
f1(t) = -a(t)y(t) + b(t) 1 + y(t - ~-(t)) ' n > 0, (1.4) 
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and the more general Nieholson's blowflies model [1,3,6-8] 
fj(t) = -a(t)y(t)  + b(t)y(t - T(t) )e -z(t)y(t-'(t)). (1.5) 
To the knowledge of the authors, there are very few works on the existence of positive periodic 
solutions for equation (1.1), even for (1.2)-(1.5). Systems (1.2), (1.3), and (1.5) have been inves- 
tigated by [2,4,6]. They have obtained the estimates of solutions and show that the solutions are 
uniformly bounded and uniformly-ultimately bounded. They have obtained a group of conditions 
to guarantee the existence of positive w-periodic solutions for equations (1.2), (1.3), and (1.5) by 
applying the Yoshizawa theorem [9]. 
Very recently, the authors [3] have dealt with the existence of positive periodic solutions for 
the general functional differential equations 
~(t) = -a(t)y(t)  + b(t)f(t, y(t - 7(t))), (1.6) 
where a(t), b(t) • C(R, (0, oo)), 7(t) • C(R, R), f • C(R x [0, oo), [0, oo)), and a(t), b(t), 7(t), 
f ( t ,  y) are all w-periodic functions, w > 0 is a constant. The main results of the paper [3] are as 
follows. 
THEOREM A. Equation (1.6) has at least one w-periodic positive solution, provided the following 
condition holds: 
lim min f ( t ,u )  f ( t ,u )  - - = o o  and lim max - - -0 .  
uto tc[o,~] u ~T~ t~[o,~o] u 
THEOREM B. Assume that 
(B1) minte[o,od{b(t) - a(t)} > 0. 
(B2) There exists a eo > 0 such that f(t ,  u) is increasing in 0 < u < zo. 
Then, equation (1.6) has at least one w-periodic positive solution, provided the following condition 
holds: 
lim rain f(t ,  u) _ 1 and lim max f(t ,  u) _ o. 
ut0 t~[0,~] u ~Too t~[0,~] u 
The proofs of Theorems A and B are based on an application of the norm-type compression 
theorem in cones due to Krasnoselskii (see [10,11]). 
In this paper, we present a new existence theory by applying a well-known fixed-point heorem 
in cones (see Theorem 1.1). One of the key steps is to find a function !~ such that the appropriate 
operator • satisfies the condition u # ~bu + .ktb in the cited fixed-point heorem. It seems to be 
difficult to utilize the norm-type xpansion and compression theorem to prove our main results. 
To conclude this section, we state a fixed-point heorem in cones which will be needed in this 
paper. 
THEOREM 1.1. (See [10,12].) Let X be a Banach space and K is a cone in X .  Assume ~1, a2 
are open subsets of X with 0 E f~l, ~1 C f22. Let 
: Kn  (~2\~)  -~K 
be a continuous and completely continuous operator such that 
(i) II~xll < Ilxll for x • K n ORe, 
(ii) there exists tb • K \ {0} such that x 7 ~ ~x + ~Ib for x • K N Of~2 and )~ > O. 
Then, • has a fixed point in K A ((~2 \ f21). 
REMARK 1.1. In Theorem 1.1, if (i) and (ii) are replaced by 
(i)* II~xll _< Ilxll for x • K c~ 0a2, and 
(ii)* there exists !b • K \ (0} such that x ¢ ~x + ,kXb for x • K n 0f~l, and ,k > 0, 
then ~5 has a fixed point in K N (~2 \ f~l). 
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2. EX ISTENCE OF  POSIT IVE  PER IODIC  SOLUTIONS 
Let X be a real Banach space, and K a closed, nonempty subset of X. K is a cone provided 
(i) c~u + ~v E K, for all u, v E K and all a, fl >_ 0. 
(ii) u , -u  E K imply u = 0. 
Suppose that 
(P1) a(t) C C(R,(O, oc)), r(t) E C(R,R), g E C(R x [0, oe)[0, c~)), and a(t), r(t), g(t,y) are 
all w-periodic functions, w > 0 is a constant. 
The main result of the present paper is as follows. 
THEOREM 2.1. Assume that (P1) ho/ds. Then, equation (1.1) has at/east one w-periodic positive 
solution, provided one of the following conditions holds: 
(i) 
(ii) 
I iminf min g(t,u) ulo te[0,w] @ > 1 and 
l imsup max g(t,u) 
*do te[0,~o] ~ < 1 and 
g(t, ~) < 
lim sup max 1; 
~T~ t~[o,~] a(t)u 
l iminf rain g(t,u) ~lo~ tc[o,~] ~ > 1. 
COROLLARY 2.1. Assume that (P1) holds. Then, equation (1.i) has at least one w-periodic 
positive solution, provided one of the following conditions holds: 
(i) l iminf min g(t,u) _ cc and limsup max g(t,u) _ O, (sublinear); 
~1o tc[0,~] a(t)u ~Tc¢ tc[0,~] a(t)u 
(ii) l imsup max 9(t'u) 0 and i iminf min g(t,u) -- -- oo, (superlinear). 
~Zo tc[o,~] a(t)u ~t~ tc[o,~] a(t)u 
REMARK 2.1. Theorem 2.1 extends and improves Theorems A and B in [3]. 
REMARK 2.2. Noting that if g(t, u) = a(t)u, then the existence of positive w-periodic solutions 
for linear problem 
fj(t) = -a(t)y(t ) + a(t)y(t - r(t) ) 
cannot be guaranteed. So, the conditions in Theorem 2.1 are optimal. 
PROOF OF THEOREM 2.1. First of all, we point out that to find an w-periodic solution of 
equation (1.1) is equivalent to find an w-periodic solution of the integral equation 
where 
Let 
and define 
t+w 
y(t) = a ( t ,  s)g(s,  y(s - ~(s)))  ds, 
J t  
G(t, s) := 
exp ( f~ '  ~( tY )<) -1  
x = {v(t) : v(t) e c(R, R), v(t + w) -- v(t)}, 
Plvll = sup {Iv(t)r : v e x} .  
Then, X with the norm ]]. II is a Banach space. 
Define an operator on X as follows: 
y = ~y, 
(2.1) 
(2.2) 
(2.3) 
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where @ is defined by 
f 
t+w 
(~y)(t)  = a(t ,  s)Ks, y(s - z-(s))) ds, (2.4) 
,It 
for y C X. Clearly, ~ is a completely continuous operator on X. 
Let 
K = {y e X :  y(t) > 0, and y(t) >_ ¢[lYI]}, 
where 0 < a = A/B  < 1, and 
A := min{G(t, s) : 0 < t, s <_ w} > 0, B := max{G(t, s) : 0 < t, s _< w} > 0. (2.5) 
It is not difficult to verify that K is a cone in X. 
LEMMA 2.1. Assume that (P1) holds, then ¢)(K) c K. 
PROOF. For any y E K, we have 
// I]~yll <- B g(~,y(s - z-(s))) d~ 
and 
f (ey)(t) _>A g(s ,y (s -z - ( s ) ) )es .  
So, we have 
A 
(~y)(t) > BIl~Yll = oll~yll, 
i.e., ~y E K. This completes the proof of Lemma 2.1. | 
We prove the conclusion under Case (i) or (ii). 
CASE (i). Since liminf~lomintc[o,~](g(t,u)/a(t)u) > 1, there exists a positive constant r > 0 
such that 
g(t, u) >_ a(t)u, whenever 0 < u < r. (2.6) 
Thus, if y E K with NyN = r, then y(t) > err. Let ¢ - 1 for t c R and we prove that 
y ~ ff2y + X¢, for U E K ~ 0~1, and X > 0, (2.7) 
where a~ = {~ e x :  II~ll < ~}. 
If not, there exists Y0 E K M 0f~l, and Ao > 0 such that 
Y0 = ~Yo + Ao¢. 
Let # = mint~RYO(t). Then, for t E R we have 
f 
t+w 
yo(t) = (~vo)(t) + ,xo = a(t,  s)Ks,  yo(s - z-(s))) as + ~o 
Jt 
f t+w f t+w >_ G(t, s)a(s)yo(s - z-(s)) ds + Ao >_ # G(t, s)a(s) ds + Ao = # + Ao, 
J t  dt  
and this implies # > # + ),0, a contradiction. 
On the other hand, since limsuP~T~ maxte[o,~](g(t,u)/a(t)u) < 1, there exists r~ > r such 
that 
~(t, ~) _< ~(t)~, 
Let R = rl/o', so we have 
where ft2 = {u C X :  HuH < R}. 
for u ~ rl. 
for u C K n Ogt2, (2.8) 
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Then, for y E K with IlYll = R, we have 
(~y)(t) = G(t, s)g(s, y(s - T(s))) ds < G(t, s)a(s)y(s - r(s)) ds 
dt  d t  
G(t, s)a(s) dsllyll = Ilyll. 
at 
This implies that 
II~yll ~ Ilyll, 
for y E K a 0f~2. 
Therefore, by Theorem 1.1, it follows that • has a fixed point y E K A ((~2 \ ftl). Furthermore, 
r _< Ilyll -< R and y(t) > gr > 0, which means that y(t) is an co-periodic positive solution of (1.1). 
CASE (ii). Since lim sup~t0 maxts[o,~l(g(t, u)/a(t)u) < 1, there exists a positive constant r > 0 
such that 
g(t, u) < a(t)u, whenever 0 < u < r. (2.9) 
Thus, if y E K with []yi] = r, then y(t) >_ err. 
Then, for y E I f  with HyH = r, we have 
(~y)(t) = a(t,  s)g(s, v(s - f f s ) ) )  ds <_ a(t,  s)a(s)y(s - r(s)) ds 
J t  J t  
G(t, s)a(s) dsllyll = [lyll- 
dt  
This implies that 
II'~yJl-< Ilyll, 
for y E K M 0~1, where g/1 = {u E X :  II~ll < r}. 
On the other hand, since liminfuT~ mint~[o,~](g(t, u)/a(t)u) > 1, there exists rl > r such that 
g(t, u) > a(t)u, for u > rl. 
Let R = r l /a ,  so we have 
~(t) >_ o-((~(( = ~R = ~,  for ~ e K n oa2,  (2.10) 
where ~2~ = {u E X :  II~ll < R}. 
Let ¢ ~_ 1 for t c R and we prove that 
y ~g 4)y + A~, for u E / (  N OFt2, and A > O. (2.11) 
If not, there exists Yo E K M 0f~2 and ~0 > 0 such that 
y0 = ~Y0 + Ao@ 
Let # = mintERYO(t). Then, for t E R we have 
t+w 
vo(t) = (¢yo)( t )  + Ao = c(t ,  s)g(s,  yo(s - ~(s)) )  d~ + ~o 
. I t  
> G(t, s)a(s)yo(s - v(s)) ds + Ao > # G(t, s)a(s) ds + ;~o = t x 4- ;~o, 
• I t  J t  
and this implies IX > IX 4-/~0, a contradiction. 
Therefore, by Theorem 1.1, it follows that ~ has a fixed point y E K n (ft2 \ f~l). Furthermore, 
r _< Ilyll -< R and y(t) > ~r > 0, which means that y(t) is an co-periodic positive solution of (1.1). 
This completes the proof of Theorem 2.1. | 
REMARK 2.3. In the same arguments in this paper, we  can deal with the existence of positive 
periodic solutions for the general Volterra integrodifferential equations (see [13]) 
~(t) = -a(t)y(t) + K(r)g(t, y(t + r)) dr, 
oo 
where a(t) E C(R, (0, oo)), g E C(R x [0, oo), [0, oo)), and a(t), g(t, y) are all w-periodic functions. 
co > 0 is a constant. Moreover, K(r) E C((-.oo, 0], [0, oc)) and fo_~ K(r)  dr = 1. 
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3. EXAMPLES 
In this section, we apply the main result obtained in the previous section to study some 
examples which have some biological background. 
From Corollary 2.1, we have the following. 
COROLLARY 3.1. Assume that 
(H1) a(t),  b(t) • C(R, (0, co)), ~(t) • C(R, (0, co)), r(t) • C(R, R), a(t), b(t), ~'(t), and fl(t) 
are all w-periodic functions, w > 0 is a constant. 
Then, equation (1.2) has at least one w-periodic positive solution. 
COROLLARY 3.2. Assume that 
(H1) a(t), b(t) • C(R, (0, oe)), T(t) • C(R, R), a(t), b(t), and T(t) are ali w-periodic functions. 
w > 0 is a constant. 
Then, equation (1.3) has at least one w-periodic positive solution. 
From Theorem 2.1, we have the following. 
COROLLARY 3.3. Assume that 
(H1) a(t), b(t) • C(R, (0, oo)), ~(t) • C(R, R), a(t), b(t), and ~(t) are all w-periodic functions. 
w > 0 is a constant. 
(H2) b(t) > a(t) for t • [0, w]. 
Then, equation (1.4) has at least one w-periodic positive solution. 
COROLLARY 3.4. Assume that 
(H1) a(t), b(t) • C(R, (0, ~)) ,  ~(t) • C(R, (0, ~)) ,  ~-(t) • C(R, R) a(t), b(t), ~-(t), and ~(t) are 
all w-periodic functions, w > 0 is a constant. 
(~2) b(t) > a(t) for t • [0, w]. 
Then, equation (1.5) has at least one w-periodic positive solution. 
Corollaries 3.1 and 3.2 can be checked easily. For Corollaries 3.3 and 3.4, since 
g(t,u) b(t) 
lira rain -- rain > 1, and lira max g(t,u) 
~o te[o,~] a(t)u te[o,~] a -~ ~Too te[o,~] a(t)~ - 0 < 1, 
then the result follows from Theorem 2.1. 
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